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UNRAMIFIED COHOMOLOGY, INTEGRAL CONIVEAU
FILTRATION AND GRIFFITHS GROUP
SHOUHEI MA
Abstract. We prove that the k-th unramified cohomology Hknr(X,Q/Z)
of a smooth complex projective variety X with small CH0(X) has a fil-
tration of length [k/2], whose first filter is the torsion part of the quotient
of Hk+1(X,Z) by its coniveau 2 filter, and when k is even, whose next
graded piece is controlled by the Griffiths group Griffk/2+1(X). The first
filter is a generalization of the Artin-Mumford invariant (k = 2) and the
Colliot-The´le`ne–Voisin invariant (k = 3). We also give a homological
analogue.
1. Introduction
Since the pioneering work of Artin and Mumford [2], unramified coho-
mology Hknr(X,Q/Z) of a smooth complex projective variety X with torsion
coefficients has served as a powerful birational invariant for distinguishing
rational varieties and nearly but irrational varieties. One of the key obser-
vations of Artin and Mumford was the identification of H2nr(X,Q/Z), also
known as the unramified Brauer group, with the torsion part of H3(X,Z)
for unirational X. The breakthrough to the next degree k = 3 was made
by Colliot-The´le`ne and Voisin [6] forty years later, which was made pos-
sible by the solution of the Bloch-Kato conjecture by Voevodsky and Rost
[16], and where H3nr(X,Q/Z) was identified with the defect Z
4(X) of the in-
tegral Hodge conjecture for H4(X,Z). Later a description of the next group
H4nr(X,Q/Z) in terms of algebraic cycles was given in [17], [11].
In degree k ≥ 5, geometric interpretation of Hknr(X,Q/Z) is mysterious.
The purpose of this article is to look at a certain common structure in this
series of work, which provides a geometric description of a relatively ele-
mentary piece of Hknr(X,Q/Z) for general k. This would be a very first step
for understanding the relationship between unramified cohomology and al-
gebraic cycles.
Recall ([9], [4]) that the coniveau filtration of Hl(X,Z) is defined by
(1.1) NrHl(X,Z) =
∑
W⊂X
Ker(Hl(X,Z) → Hl(X\W,Z)),
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2whereW ranges over all closed algebraic subsets of X of codimension ≥ r.
Our result is stated as follows.
Theorem 1.1. Let X be a smooth complex projective variety. Assume that
CH0(X) is supported in dimension < k, e.g., X rationally connected. Then
Hknr(X,Q/Z) has a filtration
0 ⊂ F1 ⊂ F2 ⊂ · · · ⊂ F[k/2] = H
k
nr(X,Q/Z)
of length [k/2], such that the first filter F1 is isomorphic to the torsion part of
the quotient Hk+1(X,Z)/N2Hk+1(X,Z). When k is even, the next graded piece
F2/F1 is isomorphic to a subquotient of the Griffiths group Griff
k/2+1(X).
Although we have assumed that CH0(X) is small, Theorem 1.1 is valid
for general X if we replace Hknr(X,Q/Z) with the quotient of H
k
nr(X,Q/Z) by
Hknr(X,Z) ⊗ Q/Z; the group H
k
nr(X,Z) vanishes when CH0(X) is supported
in dimension < k ([6]). Since the study of Hknr(X,Q/Z) has centered around
varieties with small CH0(X), we have chosen to state the above form for
simplicity.
When k = 2, this is the result of Artin-Mumford [2] where N2H3(X,Z) =
0. When k = 3, this is the result of Colliot-The´le`ne and Voisin [6] where
the torsion part of H4(X,Z)/N2H4(X,Z) coincides with the integral Hodge
defect Z4(X). The torsion part of Hk+1(X,Z)/N2Hk+1(X,Z) is a natural gen-
eralization of the Artin-Mumford invariant and the Colliot-The´le`ne–Voisin
invariant. When k = 4, an explicit description of F2/F1 as a subgroup of
Griff3(X) was given by Voisin [17] assuming F1 = 0; later the description
of F1 as above was given in [11] Remark 4.2.
The torsion part of Hk+1(X,Z)/N2Hk+1(X,Z) thus arises as a relatively el-
ementary piece of Hknr(X,Q/Z), and can be used as a first check for nontriv-
iality. It vanishes when X admits an integral cohomological decomposition
of the diagonal in the sense of [18] (Proposition 3.5). The second part of
Theorem 1.1 says that the next piece F2/F1 is controlled by Griff
k/2+1(X).
Although this is not explicit, it says at least that triviality of Griffk/2+1(X) im-
plies that of F2/F1. When k is odd, the role of the Chow group CH
k/2+1(X)
will be partly replaced by the higher Chow group CH(k+3)/2(X, 1): see §3.3.
The filtration (Fi) is introduced through the Bloch-Ogus spectral se-
quence with Z-coefficients, and could be thought of as measuring a sort
of geometric depth. In addition to the relationship with algebraic cycles,
what makes the theory of unramified cohomology rich and useful is its de-
scription as Galois cohomology. It would be a natural question that arises in
k ≥ 4, when one has an unramified cohomology class constructed by other
means, which filter does that element belong to.
As was first observed by Colliot-The´le`ne and Voisin [6], unramified co-
homology Hknr(X,Q/Z) of degree k has a homological counterpart, namely
3the H-cohomology Hd−k(X,Hd(Q/Z)) where d = dim X, which is another
birational invariant. Not all, but some results about Hknr(X,Q/Z) have ana-
logue for Hd−k(X,Hd(Q/Z)).
Theorem 1.2. Let X be a smooth complex projective variety of dimen-
sion d. Assume that CH0(X) is supported in dimension < k − 1. Then
Hd−k(X,Hd(Q/Z)) has a filtration of length [k/2]
0 ⊂ F1 ⊂ F2 ⊂ · · · ⊂ F[k/2] = H
d−k(X,Hd(Q/Z)),
whose first filter F1 is isomorphic to the finite abelian group
(1.2) H2d−k+1(X,Z)/Nd−k+2H2d−k+1(X,Z).
When k is even, the next graded piece F2/F1 is isomorphic to a subquotient
of the Griffiths group Griffk/2−1(X).
When k = 3, Theorem 1.2 is the result of [6] where the group (1.2) coin-
cides with the defect Z2(X) of the integral Hodge conjecture for H
2d−2(X,Z).
When k = 4, Theorem 1.2 is the result of [11] where F2/F1 coincides with
the whole Griff1(X) (when CH0(X) is small). The group (1.2) is a general-
ization of Z2(X), and is also a homological analogue of the torsion part of
Hk+1(X,Z)/N2Hk+1(X,Z). We notice that the filtration of Hknr(X,Q/Z) and
that of Hd−k(X,Hd(Q/Z)) have the same length.
Theorem 1.2 holds for general X without assumption on CH0(X) if we
replace Hd−k(X,Hd(Q/Z)) by the quotient
Hd−k(X,Hd(Q/Z))/(Hd−k(X,Hd(Z)) ⊗ Q/Z),
and replace the group (1.2) (no longer finite) by its torsion part.
Notation. If A is an abelian group and n is a natural number, we write
nA for the n-torsion part of A, namely {x ∈ A | nx = 0}, and also write
A/n = A/nA. We denote by torA the torsion part of A, namely the union of
all nA, n > 0.
2. Bloch-Ogus theory
In this section we recall the Bloch-Ogus theory following [4] and [6].
Let X be a smooth complex projective variety. Let A be an abelian group
(typically Z or Z/n or Q/Z). We writeHk(A) for the Zariski sheaf on X as-
sociated to the presheaf U 7→ Hk(U, A). This is the k-th higher direct image
of the constant sheaf A by the natural map Xcl → XZar from classical topol-
ogy to Zariski topology. The unramified cohomology Hknr(X, A) of degree k
with coefficients in A is defined as the Zariski cohomology
Hknr(X, A) = H
0(X,Hk(A)).
4Bloch-Ogus [4] computed the E2-page of the coniveau spectral sequence
([9]) and obtained a first-quadrant spectral sequence
E
p,q
2
= Hp(X,Hq(A)) =⇒ Hp+q(X, A).
This coincides with the Leray spectral sequence for Xcl → XZar, and con-
verges to the coniveau filtration of Hp+q(X, A) as defined in (1.1). It was
proved in [4] that
• Hp(X,Hq(A)) = 0 when p > q, and
• when A = Z and p = q, E
p,p
2
= Hp(X,H p(Z)) is isomorphic
to the Ne´ron-Severi group NSp(X), namely the group of codi-
mension p cycles modulo algebraic equivalence. The edge map
E
p,p
2
→ H2p(X,Z) coincides with the cycle map.
When A = Z, the sheafHq(Z) is torsion-free ([6], [3]), as a consequence
of the Bloch-Kato conjecture proved by Voevodsky and Rost [16]. This
implies that ([6]), for each natural number n, we have a short exact sequence
of sheaves
0→ Hq(Z)
n
→ Hq(Z) → Hq(Z/n) → 0,
and thus a short exact sequence of groups
(2.1) 0→ Hp(X,Hq(Z))/n → Hp(X,Hq(Z/n)) → nH
p+1(X,Hq(Z)) → 0.
Colliot-The´le`ne and Voisin [6] proved that when CH0(X) is supported on
an algebraic subset of X of dimension < k, then Hknr(X,Z) vanishes and
Hd−k(X,Hd(Z)) is annihilated by some natural number where d = dim X.
In particular, Hd−k(X,Hd(Z)) ⊗ Q/Z also vanishes.
3. The filtration
3.1. Proof of Theorem 1.1. In this subsection we prove Theorem 1.1. Let
X be a smooth complex projective variety. By the exact sequence (2.1) with
(p, q) = (0, k), we have an isomorphism
Hknr(X,Z/n)/(H
k
nr(X,Z)/n) ≃ nH
1(X,Hk(Z)).
When CH0(X) is supported in dimension < k, this reduces to an iso-
morphism Hknr(X,Z/n) ≃ nH
1(X,Hk(Z)). We introduce a filtration
on nH
1(X,Hk(Z)) through the Bloch-Ogus spectral sequence with Z-
coefficients.
In what follows, we write (E
p,q
r , dr) for the Er-page of the Bloch-Ogus
spectral sequence with Z-coefficients. In particular, E1,k
2
= H1(X,Hk(Z)).
The construction is based on the following elementary observation.
Lemma 3.1. We have the inclusion
(3.1) E1,k∞ = E
1,k
[k/2]+1
⊂ E1,k
[k/2]
⊂ · · · ⊂ E1,k
3
⊂ E1,k
2
.
5The differential dr embeds E
1,k
r /E
1,k
r+1
into Er+1,k−r+1r . When r > (k+1)/4, this
gives a complex
(3.2) E1,kr /E
1,k
r+1
dr
֒→ Er+1,k−r+1r ։ E
r+1,k−r+1
∞ .
Proof. Since E
p,q
r = 0 in p < 0, the differential dr that hits to E
1,k
r is zero
map. (Note that r ≥ 2.) This shows that
E
1,k
r+1
= Ker(dr : E
1,k
r → E
r+1,k−r+1
r )
is a subgroup of E1,kr , and dr induces an injective map E
1,k
r /E
1,k
r+1
֒→
E
r+1,k−r+1
r . When r > k/2, we have r + 1 > k − r + 1, and so E
r+1,k−r+1
r = 0.
Therefore E1,kr = E
1,k
r+1
= · · · = E
1,k
∞ .
When r > (k + 1)/4, we have 2r + 1 > k − 2r + 2, so the next differential
dr : E
r+1,k−r+1
r → E
2r+1,k−2r+2
r = 0
is zero map. This shows that Er+1,k−r+1
r+1
= E
r+1,k−r+1
r /dr(E
1,k
r ). Simi-
larly, Er+1,k−r+1
r+2
= Er+1,k−r+1
r+1
/dr+1(E
0,k+1
r+1
) is a quotient of Er+1,k−r+1
r+1
with
Er+1,k−r+1
r+2
= Er+1,k−r+1∞ . This proves the last assertion. 
Remark 3.2. By the proof, when E0,k+1
2
= 0, e.g., when CH0(X) is supported
in dimension < k + 1, the complex (3.2) is exact, so we have an exact
sequence
0 → E1,k
r+1
→ E1,kr → E
r+1,k−r+1
r → E
r+1,k−r+1
∞ → 0.
Theorem 1.1 is deduced as follows.
(Proof of Theorem 1.1). We take the n-torsion part of the filtration (3.1).
This gives the filtration
(3.3) nE
1,k
∞ = nE
1,k
[k/2]+1
⊂ nE
1,k
[k/2]
⊂ · · · ⊂ nE
1,k
3
⊂ nE
1,k
2
on nE
1,k
2
= nH
1(X,Hk(Z)) with
nE
1,k
∞ = n(N
1Hk+1(X,Z)/N2Hk+1(X,Z)) = n(H
k+1(X,Z)/N2Hk+1(X,Z)).
Here the second equality holds because
Hk+1(X,Z)/N1Hk+1(X,Z) = E0,k+1∞ ⊂ H
k+1
nr (X,Z)
is torsion-free. The differential dr induces a map nE
1,k
r /nE
1,k
r+1
→ nE
r+1,k−r+1
r .
This is still injective because
(3.4) nE
1,k
r+1
= nE
1,k
r ∩ E
1,k
r+1
= nE
1,k
r ∩ Ker(dr).
Hence the complex (3.2) gives rise to a complex
nE
1,k
r /nE
1,k
r+1
֒→ nE
r+1,k−r+1
r → nE
r+1,k−r+1
∞ .
6When k = 2p is even, we take r = p (= ∞− 1). Then this complex takes
the form
nE
1,2p
p /nE
1,2p
∞ ֒→ nE
p+1,p+1
p → nN
p+1H2p+2(X,Z).
Since the composition
NSp+1(X) = E
p+1,p+1
2
։ E p+1,p+1p ։ N
p+1H2p+2(X,Z)
is the cycle map, we find that the embedding image of nE
1,2p
p /nE
1,2p
∞ in
nE
p+1,p+1
p ⊂ E
p+1,p+1
p is contained in the image of Griff
p+1(X) ⊂ NSp+1(X) in
E
p+1,p+1
p .
Finally, we take direct limit with respect to n. Then (3.3) gives the filtra-
tion
torE
1,k
∞ = torE
1,k
[k/2]+1
⊂ torE
1,k
[k/2]
⊂ · · · ⊂ torE
1,k
3
⊂ torE
1,k
2
on
torE
1,k
2
= torH
1(X,Hk(Z)) = Hknr(X,Q/Z)/(H
k
nr(X,Z) ⊗ Q/Z)
with
torE
1,k
∞ = tor(H
k+1(X,Z)/N2Hk+1(X,Z)).
This is the filtration (Fi) in Theorem 1.1. When k = 2p is even and r = p,
the preceding paragraph shows that the injective image of torE
1,k
p /torE
1,k
∞ in
E
p+1,p+1
p is contained in the image of Griff
p+1(X), and hence is a subquotient
of Griff p+1(X). This proves Theorem 1.1. 
Remark 3.3. We also have a more direct filtration on Hknr(X,Z/n) through
the Bloch-Ogus spectral sequence with Z/n-coefficients:
E0,k
∞,Z/n
= E0,k
[(k+3)/2],Z/n
⊂ · · · ⊂ E0,k
3,Z/n
⊂ E0,k
2,Z/n
,
where Z/n in the subscript represents the coefficients. The first filter E0,k
∞,Z/n
is Hk(X,Z/n)/N1Hk(X,Z/n), and when k = 2p − 1 is odd, the next graded
piece is a subquotient of the kernel of NSp(X)/n → H2p(X,Z/n).
When Hknr(X,Z/n) ≃ nH
1(X,Hk(Z)), we have E0,k
3,Z/n
⊂ nE
1,k
3,Z
because the
second map in (2.1) anti-commutes with d2 (see [11] p.1510 – p.1511).
3.2. Higher Artin-Mumford invariant. As explained in §1, the first filter
(3.5) tor(H
l(X,Z)/N2Hl(X,Z))
of Hl−1nr (X,Q/Z) is a generalization of the Artin-Mumford invariant [2] and
the Colliot-The´le`ne–Voisin invariant [6]. This can be nontrivial only when
l ≤ dim X + 1. An analogous invariant in the range l > dimX + 1 will be
considered in §4.
7Example 3.4. Let X ⊂ PN be a smooth complete intersection of dimension
d. By the Lefschetz hyperplane theorem, we have Hl(X,Z) = N2Hl(X,Z) in
2 < l < d and H2(X,Z) = Zh, h = c1(OX(1)), has no torsion. Therefore the
only possible degrees where (3.5) can be nontrivial are l = d, d + 1.
For l = d+1, Poincare duality and the universal coefficient theorem imply
that
Hd+1(X,Z) ≃

torH
d(X,Z) d : even,
Zdeg(X)−1h(d+1)/2 ⊕ torH
d(X,Z) d : odd.
In any case, Hd+1(X,Z)/N2Hd+1(X,Z) is already torsion. When d is odd,
this measures the most transcendental part of the integral Hodge defect for
Hd+1(X,Z).
The invariant (3.5) is related to the cohomological integral decomposition
of the diagonal ([18]) as follows. This is a generalization of [19] Proposition
4.9.
Proposition 3.5. If X admits a cohomological integral decomposition of the
diagonal, then Hl(X,Z)/N2Hl(X,Z) has no torsion.
Proof. The assumption means that there exists a d-dimensional cycle Z on
X × D for some divisor D ⊂ X such that
[∆X] = [{pt} × X] + [Z] in H
2d(X × X,Z)
where d = dimX and ∆X ⊂ X × X is the diagonal. Let j : D˜ → D ֒→ X be
a desingularization of D. As in the proof of [19] Proposition 4.9, we may
assume that Z lifts to a d-dimensional cycle Z˜ on X × D˜ with
(3.6) [∆X] = [{pt} × X] + (idX, j)∗[Z˜] in H
2d(X × X,Z).
Let α be an element of Hl(X,Z) which is torsion modulo N2Hl(X,Z). We
let the correspondence (3.6) act on α. Then [{pt} × X] annihilates α. We
shall show that (idX, j)∗[Z˜] sends α to an element of N
2Hl(X,Z), which then
implies α ∈ N2Hl(X,Z).
Let α¯ be the image of α in Hl(X,Q). By the assumption we have α¯ ∈
N2Hl(X,Q). Since rational coniveau filtration is functorial ([1]), we see
that
[Z˜]∗α¯ ∈ N
1Hl−2(D˜,Q) = N1Hl−2(D˜,Z) ⊗ Q.
This means that [Z˜]∗α ∈ H
l−2(D˜,Z) is torsion modulo N1Hl−2(D˜,Z).
But since Hl−2(D˜,Z)/N1Hl−2(D˜,Z) is torsion-free, we find that [Z˜]∗α ∈
N1Hl−2(D˜,Z). Therefore j∗([Z˜]∗α) ∈ N
2Hl(X,Z). 
83.3. Odd degree. We give few remarks on the case when k = 2p − 1 is
odd. In this case, the role of Griff p+1(X) for controlling F2/F1 is replaced
by the kernel of the edge map
α : Hp(X,H p+1(Z)) → N pH2p+1(X,Z) ⊂ H2p+1(X,Z).
The group Hp(X,H p+1(Z)) is related to the higher Chow group CHp+1(X, 1)
as follows.
Recall ([7], [10]) that we have a natural isomorphism
CHp+1(X, 1) ≃ Hp(X,KMp+1),
where KM
p+1
is the Zariski sheaf associated to the Milnor K-theory. We also
have homomorphisms of Zariski sheaves (see [8], [3])
KMp+1 → H
p+1
D
(p + 1) →H p+1(Z),
where H
q
D
(r) is the Deligne-Beilinson cohomology sheaf. This gives the
maps
CHp+1(X, 1) // // Hp(X,H
p+1
D
(p + 1)) //

Hp(X,H p+1(Z))
α

H
2p+1
D
(X,Z(p + 1)) // H2p+1(X,Z)
where the vertical maps are the edge maps in the respective spectral se-
quences. The composition CHp+1(X, 1) → H
2p+1
D
(X,Z(p + 1)) is the so-
called regulator map (see, e.g., [13] and the references therein), and the
composition CHp+1(X, 1) → H2p+1(X,Z) gives the cycle map. The map
CHp+1(X, 1) → Hp(X,H
p+1
D
(p + 1)) is surjective because the Gersten reso-
lution of KM
p+1
and that ofH
p+1
D
(p + 1) have the same last two terms.
Lemma 3.6. The image of CHp+1(X, 1) → H2p+1(X,Z) is a finite subgroup
of N pH2p+1(X,Z).
Proof. The image of H
2p+1
D
(X,Z(p+1))→ H2p+1(X,Z) is F p+1∩H2p+1(X,Z)
where (Fk) is the Hodge filtration of H2p+1(X,C). Since F p+1 ∩ F p+1 = 0,
this is the torsion part of H2p+1(X,Z). 
Let CHp+1(X, 1)hom be the kernel of CH
p+1(X, 1) → H2p+1(X,Z). Then
we obtain a map CHp+1(X, 1)hom → Ker(α). This is an analogue of
CHp+1(X)hom → Griff
p+1(X), but no longer surjective in general as the fol-
lowing proposition shows. Let Ap+1(X) ⊂ CHp+1(X) be the subgroup of
cycles algebraically equivalent to zero. The Abel-Jacobi map on the torsion
part of Ap+1(X) takes the form
torAJ : torA
p+1(X) → N pH2p+1(X,Z) ⊗ Q/Z.
9Proposition 3.7. If Ker(torAJ) , 0, the map CH
p+1(X, 1)hom → Ker(α) is
not surjective. More precisely, its cokernel is not a torsion group.
Proof. We denote by N the quotient of N pH2p+1(X,Z) by its torsion part.
Then α induces a surjective map α¯ : Hp(X,H p+1(Z)) → N, and the compo-
sition
(3.7) CHp+1(X, 1) → Hp(X,H p+1(Z))
α¯
→ N
is zero map by Lemma 3.6. We take tensor product with Q/Z. Note that
N ⊗ Q/Z = N pH2p+1(X,Z) ⊗ Q/Z and
Ker(α ⊗ Q/Z) = Ker(α¯ ⊗ Q/Z) = Ker(α¯) ⊗ Q/Z.
By [11], the first map of (3.7) induces a short exact sequence
0 → CHp+1(X, 1) ⊗ Q/Z→ Hp(X,H p+1(Z)) ⊗ Q/Z→ torA
p+1(X) → 0.
Thus the map
α ⊗ Q/Z : Hp(X,H p+1(Z)) ⊗ Q/Z→ N pH2p+1(X,Z) ⊗ Q/Z
descends to a map from torA
p+1(X), which coincides with the Abel-Jacobi
map torAJ (see [5] §4). Therefore we obtain the following short exact se-
quence with a commutative diagram:
0 // CHp+1(X, 1) ⊗ Q/Z // Ker(α¯) ⊗ Q/Z // Ker(torAJ) // 0
CHp+1(X, 1)hom ⊗ Q/Z //
OOOO
Ker(α) ⊗ Q/Z
OOOO
where the vertical maps are surjective with finite kernel. If Ker(torAJ) , 0,
we find that CHp+1(X, 1) ⊗ Q/Z → Ker(α¯) ⊗ Q/Z is not surjective. Then
CHp+1(X, 1)hom ⊗ Q/Z → Ker(α) ⊗ Q/Z is not surjective too. This shows
that the cokernel of CHp+1(X, 1)hom → Ker(α) is not annihilated by tensor
product with Q/Z. 
The torsion Abel-Jacobi map torAJ on torA
p+1(X) is known to be injective
when p+1 = 2 ([12], [14]) and p+1 = dim X ([15]). When p+1 = dim X−1,
the kernel Ker(torAJ) itself is a birational invariant ([20]).
4. Homological analogue
In this section we prove Theorem 1.2. Since the argument is similar to
the proof of Theorem 1.1, we will be brief.
Let X be a smooth complex projective variety of dimension d. By the
exact sequence (2.1) with (p, q) = (d − k, d), we have
Hd−k(X,Hd(Z/n))/(Hd−k(X,Hd(Z))/n) ≃ nH
d−k+1(X,Hd(Z)).
10
We introduce a filtration on nH
d−k+1(X,Hd(Z)) through the Bloch-Ogus
spectral sequence with Z-coefficients, which we again write (E
p,q
r , dr) as in
§3.1. Lemma 3.1 is replaced by the following, which slightly differs from
Lemma 3.1 in the exactness of (4.2).
Lemma 4.1. We have the filtration of length [k/2]
(4.1) Ed−k+1,d∞ = E
d−k+1,d
[k/2]+1
⊂ · · · ⊂ Ed−k+1,d
3
⊂ Ed−k+1,d
2
on Ed−k+1,d
2
. The differential dr embeds E
d−k+1,d
r /E
d−k+1,d
r+1
into Ed−k+r+1,d−r+1r ,
which when r > (k + 1)/4 is extended to a short exact sequence
(4.2) 0 → Ed−k+1,dr /E
d−k+1,d
r+1
→ Ed−k+r+1,d−r+1r → E
d−k+r+1,d−r+1
∞ → 0.
Proof. The proof is similar to that of Lemma 3.1. The point is thatHq(Z) =
0 if q > d, because smooth affine varieties of dimension d have homotopy
type of CW complex of real dimension ≤ d. Therefore E
p,q
2
= 0 if q > d. In
particular, no nonzero dr hits to E
d−k+1,d
r . Hence
E
d−k+1,d
r+1
= Ker(dr : E
d−k+1,d
r → E
d−k+r+1,d−r+1
r ).
The sequence (4.2) is exact because
Ed−k+r+1,d−r+1∞ = E
d−k+r+1,d−r+1
r+1
= Ed−k+r+1,d−r+1r /dr(E
d−k+1,d
r )
when r > (k + 1)/4. 
(Proof of Theorem 1.2). Taking the n-torsion part of (4.1) gives the filtra-
tion
nE
d−k+1,d
∞ = nE
d−k+1,d
[k/2]+1
⊂ · · · ⊂ nE
d−k+1,d
3
⊂ nE
d−k+1,d
2
on nE
d−k+1,d
2
= nH
d−k+1(X,Hd(Z)) with
nE
d−k+1,d
∞ = n(H
2d−k+1(X,Z)/Nd−k+2H2d−k+1(X,Z)).
Here note that
Nd−k+1H2d−k+1(X,Z) = H2d−k+1(X,Z)
because the Bloch-Ogus spectral sequence is supported in the range q ≤ d.
The exact sequence (4.2) gives a complex
nE
d−k+1,d
r /nE
d−k+1,d
r+1
֒→ nE
d−k+r+1,d−r+1
r → nE
d−k+r+1,d−r+1
∞ .
Here the first map is injective for the same reason as (3.4). When k = 2p
and r = p (= ∞ − 1), this embeds nE
d−2p+1,d
p /nE
d−2p+1,d
∞ into the kernel of
E
d−p+1,d−p+1
p ։ E
d−p+1,d−p+1
∞ , which in turn is a quotient of the kernel of
E
d−p+1,d−p+1
2
։ E
d−p+1,d−p+1
∞ , namely the Griffiths group Griff
d−p+1(X).
Taking direct limit with respect to n, we obtain the filtration
torE
d−k+1,d
∞ = torE
d−k+1,d
[k/2]+1
⊂ · · · ⊂ torE
d−k+1,d
3
⊂ torE
d−k+1,d
2
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on
torE
d−k+1,d
2
= torH
d−k+1(X,Hd(Z))
≃ Hd−k(X,Hd(Q/Z))/(Hd−k(X,Hd(Z)) ⊗ Q/Z)
with
torE
d−k+1,d
∞ = tor(H
2d−k+1(X,Z)/Nd−k+2H2d−k+1(X,Z)).
When CH0(X) is supported in dimension < k, the group H
d−k(X,Hd(Z)) is
torsion ([6]) and hence annihilated by tensor product with Q/Z. Moreover,
for the same reason, when CH0(X) is supported in dimension < k − 1, the
group
H2d−k+1(X,Z)/Nd−k+2H2d−k+1(X,Z) ⊂ Hd−k+1(X,Hd(Z))
is torsion and so is finite. 
Let k < d. The first filter
(4.3) tor(H
2d−k+1(X,Z)/Nd−k+2H2d−k+1(X,Z))
of Hd−k(X,Hd(Q/Z)) is a homological analogue of the higher Artin-
Mumford invariant (3.5). In contrast to Example 3.4, this is not quite a
priori trivial for complete intersections.
Example 4.2. Let X ⊂ PN be a smooth complete intersection of dimension
d. By Poincare duality and the universal coefficient theorem, we have
H2d−k+1(X,Z) ≃ Hom(Hk−1(X,Z),Z) ⊕ torH
k(X,Z).
When k is even, the Lefschetz hyperplane theorem says that H2d−k+1(X,Z) =
0, so the invariant (4.3) is trivial. When k is odd, we have Hk(X,Z) = 0 and
Hk−1(X,Z) = Zh(k−1)/2 for h = c1(OX(1)). Hence H
2d−k+1(X,Z) is free of
rank 1 generated by deg(X)−1 · hd−(k−1)/2. The invariant (4.3) measures the
most transcendental part of the integral Hodge defect of H2d−k+1(X,Z), and
its order divides deg(X).
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